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Real irreducible representations of SL2(q) and their
fixed point dimensions for cyclic subgroups
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Adam Mickiewicz University in Poznan´, Poland
e-mail: piotr.mizerka@amu.edu.pl
Abstract
We compute the characters of real irreducible representations of SL2(q), the
special linear group on q letters, for an odd prime q. Moreover, we give the
dimensions of these irreducible representations under the actions of cyclic
subgroups of SL2(q).
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In what follows, q shall denote an odd prime and we use an abbreviation1
(m,n) for the greatest common divisor of the integers m and n. We call2
an integer n a quadratic residue modulo q if there exists an integer r with3
r2 ≡ n (mod q).4
1. Real irreducible representations of SL2(q)5
Lemma 1. The conjugacy classes of SL2(q) are given by representatives6
1, z, c, d, zc, zd, al, bm, where, for some ν ∈ Fxq with 〈ν〉 = Fxq ,7
1 =
(
1 0
0 1
)
z =
(−1 0
0 −1
)
c =
(
1 0
1 1
)
d =
(
1 0
ν 1
)
a =
(
ν 0
0 ν−1
)
b
8
where b is any element of order q+1 and 1 ≤ l ≤ (q−3)/2, 1 ≤ m ≤ (q−1)/2.9
The conjugacy classes representatives have the following orders,10
|1| = 1 |z| = 2 |c| = |d| = q
|zc| = |zd| = 2q |al| = q−1
(l,q−1) |bm| = q+1(m,q+1)
11
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Proof. The first part of the proof is precisely the statement of [1, Theorem12
38.1]. We focus now on the representatives order. Obviously, |1| = 1 and13
|z| = 2. For c and d, we have,14
ck =
(
1 0
k 1
)
dk =
(
1 0
kν 1
)
,15
hence |c| = |d| = q. Now, zc =
(−1 0
−1 −1
)
and (zc)k =
(
(−1)l 0
(−1)k · k (−1)k
)
,
therefore |zc| = 2q. For zd, we have
zd =
(−1 0
−ν −1
)
and (zd)k =
(
(−1)l 0
(−1)k · kν (−1)k
)
, so |zd| = 2q
In general situation, if g ∈ G is of order n, then gl is of order n/(n, l). Since16
a is of order q − 1, and b is of order q + 1, we have |al| = (q − 1)/(l, q − 1)17
and |bm| = (q + 1)/(m, q + 1).18
Proposition 1. Let p be an odd prime and a ∈ {1, . . . , p − 1}. Then a is19
a quadratic residue modulo p if and only if its multiplicative inverse modulo20
p, a−1, is a quadratic residue modulo p as well.21
Proof. Let r1 and r2 be the remainders modulo p of a
(p−1)/2 and (a−1)(p−1)/2
respectively and assume that a is a quadratic residue modulo p. Using the
Euler’s criterion, [2, pp. 164 Euler’s criterion], we conclude then that r1 = 1.
But
r1r2 ≡ a(p−1)/2(a−1)(p−1)/2 ≡ (aa−1)(p−1)/2 ≡ 1 (mod p)
Since r2 ∈ {−1, 1}, by Euler’s criterion, and r1 = 1, this means that r2 = 122
and a−1 must be a quadratic residue modulo p. The converse implication is23
analogous.24
Proposition 2. 12, z2 ∈ (1). If 2 is a quadratic residue modulo q, then25
c2, (zc)2 ∈ (c) and d2, (zd)2 ∈ (d). Otherwise, c2, (zc)2 ∈ (d) and d2, (zd)2 ∈26
(c).27
Proof. Obviously, 12, z2 ∈ (1). Let us establish when c2 ∈ (d). We have to
find
(
a b
c d
)
∈ SL2(q) with
c2
(
a b
c d
)
=
(
a b
c d
)
d
2
Hence we must have(
1 0
2 1
)(
a b
c d
)
=
(
a b
c d
)(
1 0
ν 1
)
⇔
(
a b
2a+ c 2b+ d
)
=
(
a+ νb b
c+ νd d
)
⇔ b = 0, d = 2ν−1a
Taking a, b, c, d as above, we have
det
(
a b
c d
)
= det
(
a 0
c 2ν−1a
)
= 2ν−1a2
Hence, we can find a with det
(
a b
c d
)
= 1 if and only if (2ν−1)−1 is a
quadratic residue modulo q. Therefore,
((2ν−1)−1)
q−1
2 ≡ 1 (mod q)⇔ ν q−12 (2−1) q−12 ≡ 1 (mod q)
Since 〈ν〉 = Fxq , it follows that ν(q−1)/2 ≡ −1(q). Therefore, we can find an
appropriate a iff
(2−1)
q−1
2 ≡ −1 (mod q),
which holds iff 2−1 is not a quadratic residue modulo q. This, however, is true28
whenever 2 is not a quadratic residue modulo q (conlcusion from Proposition29
1). On the other hand, (c) and (d) are the only conjugacy classes with30
elements of order q, which is the order of c2 as well. Thus, if c2 does not31
belong to one of them, it has to belong to the other. Hence, if 2 is not a32
quadratic residue modulo q, then c2 ∈ (d), otherwise cc ∈ (c).33
Now, consider d2 =
(
1 0
2ν 1
)
. It belongs to (c) if we can find
(
a b
c d
)
∈
SL2(q) such that
d2
(
a b
c d
)
=
(
a b
c d
)
c
⇔
(
a b
2νa+ c 2νb+ d
)
=
(
a+ b b
c+ d d
)
⇔ b = 0, d = 2νa
We must thus have 1 = det
(
a b
c d
)
=
(
a 0
c 2νa
)
= 2νa2. Proceeding analo-34
gously as before, we infer that d2 ∈ (c) if 2 is not a quadratic residue modulo35
q and d2 ∈ (d) otherwise.36
3
Since (zc)2 = c2 and (zd)2 = d2, we infer that (zc)2 ∈ (c) and (zd)2 ∈37
(d) if 2 is a quadratic residue modulo q and (zc)2 ∈ (d) and (zd)2 ∈ (c)38
otherwise.39
Proposition 3. We have
(c) ∪ (c)−1 =
{
(c) if q ≡ 1 (mod 4)
(c) ∪ (d) if q ≡ 3 (mod 4)
and
(d) ∪ (d)−1 =
{
(d) if q ≡ 1 (mod 4)
(c) ∪ (d) if q ≡ 3 (mod 4)
Proof. We have c−1 =
(
1 0
−1 1
)
. We want to verify when c is conjugate to
c−1. This is the case when we can find a matrix
(
a b
c d
)
∈ SL2(q) such that
c−1
(
a b
c d
)
=
(
a b
c d
)
c⇔
(
1 0
−1 1
)(
a b
c d
)
=
(
a b
c d
)(
1 0
1 1
)
⇔
(
a b
−a + c −b+ d
)
=
(
a+ b b
c+ d d
)
⇔ d = −a, b = 0
Thus, 1 = det
(
a b
c d
)
= det
(
a 0
−a + c −a
)
= −a2 = 1 Hence, we can40
find an appropriate a iff −1 is a quadratic residue modulo q, that is when41
q ≡ 1 (mod 4).42
We proceed similarly for d,
(d) = (d−1)⇔ d−1
(
a b
c d
)
=
(
a b
c d
)
d⇔
(
1 0
−ν 1
)(
a b
c d
)
=
(
a b
c d
)(
1 0
ν 1
)
⇔
(
a b
−νa + c −νb + d
)
=
(
a+ νb b
c+ νd d
)
⇔ d = −a, b = 0
and
1 = det
(
a b
c d
)
= det
(
a 0
−νa + c −a
)
= −a2
which is possible whenever −1 is a quadratic residue modulo q, i. e. when43
q ≡ 1 (mod 4). Thus, d is conjugate to d−1 if and only if q ≡ 1 (mod 4).44
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Proposition 4. We have
(zc) ∪ (zc)−1 =
{
(zc) if q ≡ 1 (mod 4)
(zc) ∪ (zd) if q ≡ 3 (mod 4)
and
(zd) ∪ (zd)−1 =
{
(zd) if q ≡ 1 (mod 4)
(zc) ∪ (zd) if q ≡ 3 (mod 4)
Proof. The proof is analogous to the proof of the previous proposition.45
For a group G, let us define the subset containing the conjugacy class of46
an element g ∈ G and the conjugacy class of its inverse, (g−1), to be the real47
conjugacy class of the element g ∈ G. The following lemma characterizes the48
real conjugacy classes of SL2(q),49
Lemma 2. If q ≡ 1 (mod 4), then all the conjugacy classes of SL2(q) consti-50
tute the real conjugacy classes (i. e. any element is conjugate to its inverse).51
Otherwise, we have q + 2 real conjugacy classes, (1), (z), (c) ∪ (d), (zc) ∪52
(zd), (al), (bm) for 1 ≤ l ≤ (q − 3)/2 and 1 ≤ m ≤ (q − 1)/2.53
Proof. By [1, Theorem 38.1], the following table is the complex character54
table of SL2(q),55
1 z c d al bm
1 1 1 1 1 1 1
ψ q q 0 0 1 −1
χi q + 1 (−1)i(q + 1) 1 1 νilq−1 0
θj q − 1 (−1)j(q − 1) −1 −1 0 −νjmq+1
ξ1
q+1
2
ǫ(q+1)
2
1+
√
ǫq
2
1−√ǫq
2
(−1)l 0
ξ2
q+1
2
ǫ(q+1)
2
1−√ǫq
2
1+
√
ǫq
2
(−1)l 0
η1
q−1
2
− ǫ(q−1)
2
−1+√ǫq
2
−1−√ǫq
2
0 (−1)m+1
η2
q−1
2
− ǫ(q−1)
2
−1−√ǫq
2
−1+√ǫq
2
0 (−1)m+1
56
where 1 ≤ i, l ≤ (q − 3)/2, 1 ≤ j,m ≤ (q − 1)/2, ǫ = (−1)(q−1)/2, ζr =57
exp (2πi/r), νsr = ζ
s
r + ζ
−s
r and χ(zc) =
χ(z)
χ(1)
· χ(c) and χ(zd) = χ(z)
χ(1)
· χ(d) for58
any complex irreducible character χ. Therefore, the only complex irreducible59
characters taking nonreal values can be ξ1, ξ2, η1, η2. If it is the case, then all60
5
of those characters take some non-real value. This happens precisely in the61
case q ≡ 3 (mod 4) (i. e. ǫ = −1). Consider the matrix P such thatX = PX ,62
where X is the character table of SL2(q) and X denotes the conjugate matrix63
to X . By [3, 23.1 Theorem], it follows that P is a permutation matrix with64
trace equal to the number of conjugacy classes which elements are conjugate65
to their inverses. In our case,66
trP =
{
q + 4 if q ≡ 1 (mod 4)
q if q ≡ 3 (mod 4)67
Hence, if q ≡ 1 (mod 4), the assertion follows. If q ≡ 3 (mod 4), then,68
by the previous two facts, (c) ∪ (d) and (zc) ∪ (zd) are two different real69
conjugacy classes. This, in connection with the fact that we have precisely70
trP conjugacy classes with elements conjugate to their own inverses, shows71
that the remaining conjugacy classes have this property (we have q + 4 con-72
jugacy classes and (c), (d), (zc), (zd) are the only classes which elements are73
not conjugate to their inverses).74
Corollary 1. In the sequence of conjugacy classes, (a2), (a4), . . . , (aq−3),75
there are precisely two classes (al) for each even 2 ≤ l ≤ (q − 3)/2 and76
the class (z), only in the case q ≡ 1 (mod 4). Similarly, in the sequence77
(b2), (b4), . . . , (bq−1),, there are precisely two classes (bm) for each even 2 ≤78
m ≤ (q − 1)/2 and the class (z), only in the case q ≡ 3 (mod 4)79
Proof. Basing on Lemma 2, (al) = ((al)−1) and (bm) = ((bl)−1) for any
1 ≤ l ≤ (q − 3)/2 and 1 ≤ m ≤ (q − 1)/2. Since a and b are of orders q − 1
and q + 1 respectively, it follows that (al) = (aq−1−l) and (bm) = (bq+1−m).
Since q − 1 and q + 1 are even, the assertion concerning classes different
than (z) follows from the above correspondences. Now, we only have to show
that, if q ≡ 1 (mod 4), then a(q−1)/2 = z and, if q ≡ 3 (mod 4), b(q+1)/2 = z.
Obviously, a(q−1)/2 and b(q+1)/2 are elements of order 2 in the appropriate
cases. We show that the only element of order 2 in SL2(q) is z. For this,
assume that some
(
a b
c d
)
is of order 2. Then
(
1 0
0 1
)
=
(
a b
c d
)2
=
(
a2 + bc b(a + d)
c(a+ d) d2 + bc
)
We have two possible cases. First possibility is that d = −a. But then
6
a2 + bc = 1. On the other hand,
1 = det
(
a b
c d
)
= ad− bc = −a2 − bc,
which is a contradiction. Hence, we end up in the second case, namely80
b = c = 0. But then a2 = 1, so for
(
a b
c d
)
to have order 2, we must have81
a = −1 and
(
a b
c d
)
= z82
Corollary 2. Let χ be an irreducible complex character of SL2(q). Then,
the Frobenius-Schur indicator of χ is given by
ι(χ) =
1
q3 − q ·
(
2χ(1) + (q2 + q)χ(z) + (q2 − 1)(χ(c) + χ(d))
+ 2q
(
(q + 1)
[(q−3)/4]∑
l=1
χ(a2l) + (q − 1)
[(q−1)/4]∑
m=1
χ(b2m)
))
for q ≡ 1 (mod 4) and
ι(χ) =
1
q3 − q ·
(
2χ(1) + (q2 − q)χ(z) + (q2 − 1)(χ(c) + χ(d))
+ 2q
(
(q + 1)
[(q−3)/4]∑
l=1
χ(a2l) + (q − 1)
[(q−1)/4]∑
m=1
χ(b2m)
))
for q ≡ 3 (mod 4).83
Proof. From Proposition 2, we know that 12, z2 ∈ (1) and c2, (zc)2 ∈ (d),
d2, (zd)2 ∈ (c) for 2 not a quadratic residue modulo q and c2, (zc)2 ∈ (c),
d2, (zd)2 ∈ (d) for 2 a quadratic residue modulo q. By [1, Theorem 38.1],
we know that the conjugacy classes sizes of SL2(q) are as follows, |(1)| =
|(z)| = 1, |(c)| = |(d)| = |(zc)| = |(zd)| = (q2 − 1)/2, |(al)| = q(q + 1) and
|(bm)| = q(q − 1) for 1 ≤ l ≤ (q − 3)/2 and 1 ≤ m ≤ (q − 1)/2. Therefore,
in both cases, the sum of the summands of the indicator coming from the
classes (1), (z), (c), (d), (zc) and (zd) is
s1 =χ(1
2) + χ(z2) +
1
2
(q2 − 1)(χ(c2) + χ(d2) + χ((zc)2) + χ((zd)2))
=2χ(1) + (q2 − 1)(χ(c) + χ(d))
7
Now, by Corollary 1, the summands coming from (al)s and (bm)s sum up to
s2 = 2q
(
(q + 1)
[(q−3)/4]∑
l=1
χ(a2l) + (q − 1)
[(q−1)/4]∑
m=1
χ(b2m)
)
+ q(q + 1)χ(z)
for q ≡ 1 (mod 4) and to
s2 = 2q
(
(q + 1)
[(q−3)/4]∑
l=1
χ(a2l) + (q − 1)
[(q−1)/4]∑
m=1
χ(b2m)
)
+ q(q − 1)χ(z)
for q ≡ 3 (mod 4). Summing up s1 and s2, we get the desired formulas for84
ι(χ).85
We are ready now to figure out the real irreducible characters of SL2(q),86
Lemma 3. Using the notations from [1, Theorem 38.1], the characters of real87
irreducible representations of SL2(q) are given by 1, ψ, χ2i, 2χ2i′+1, θ2j , 2θ2j′+188
for 1 ≤ 2i, 2i′+1 ≤ (q−3)/2, 1 ≤ 2j, 2j′+1 ≤ (q−1)/2 and by ξ1, ξ2, 2η1, 2η289
for q ≡ 1 (mod 4) and by 2Re ξ1 = ξ1 + ξ2 and 2Re η1 = η1 + η2 for90
q ≡ 3 (mod 4).91
Proof. By [4, pp. 108], we know that if χ is a complex irreducible character92
, then there are three possibilities:93
1. ι(χ) = 1 if χ is a character of some real irreducible representation94
2. ι(χ) = 0 if 2 Reχ = χ + χ is a character of some real irreducible95
representation (in this case χ takes some non-real values)96
3. ι(χ) = −1 if 2χ is a character of some real irreducible representation97
(int this case χ takes all real values).98
Moreover, every character of some real irreducible representation is obtained99
in that way. Hence, we only have to show that ι(1) = ι(ψ) = ι(χ2i) = ι(θ2j) =100
1, ι(χ2i+1) = ι(θ2j+1) = −1 and ι(ξ1) = ι(ξ2) = 1, ι(η1) = ι(η2) = −1 in case101
q ≡ 1 (mod 4) and ι(ξ1) = ι(ξ2) = ι(η1) = ι(η2) = 0 in case q ≡ 3 (mod 4).102
The relation ι(1) = 1 is obvious, since 1 is the trivial character. In what103
follows, we use the data from the character table of SL2(q).104
Thus, by Corollary 1, we have
ι(ψ) =
1
q3 − q ·
(
2q + (q2 + q)q + 2q
(
(q + 1) · q − 5
4
− (q − 1) · q − 1
4
))
= 1
8
when q ≡ 1 (mod 4) and
ι(ψ) =
1
q3 − q ·
(
2q + (q2 − q)q + 2q
(
(q + 1) · q − 3
4
− (q − 1) · q − 3
4
))
= 1
for q ≡ 3 (mod 4). Notice that from the complex character table of SL2(q)
follows that ι(ξ1) = ι(ξ2) and ι(η1) = ι(η2) since ξ1 is conjugate (as a complex
vector) to ξ2 and η1 is conjugate to η2. Therefore, if q ≡ 1 (mod 4),
ι(η1) = ι(η2) =
1
q3 − q ·
(
q − 1−1
2
(q2 + q)(q − 1)− (q2 − 1)
+2q ·
(
− (q − 1) · q − 1
4
))
= −1
ι(ξ1) = ι(ξ2) =
1
q3 − q ·
(
q + 1+
1
2
(q2 + q)(q + 1) + (q2 − 1)
+2q ·
(
(q + 1) · q − 5
4
))
= 1
and, if q ≡ 3 (mod 4),
ι(η1) = ι(η2) =
1
q3 − q ·
(
q − 1−1
2
(q2 − q)(q − 1)− (q2 − 1)
+2q ·
(
− (q − 1) · q − 3
4
))
= 0
ι(ξ1) = ι(ξ2) =
1
q3 − q ·
(
q + 1−1
2
(q2 − q)(q + 1) + (q2 − 1)
+2q ·
(
(q + 1) · q − 3
4
))
= 0
Now, notice that χis and θjs are real-valued, since ν
s
r = ζ
s
r + ζ
−s
r is real.
Therefore, the indicators of these characters are either 1 or −1. We show
that ι(χ2i) − ι(χ2i′+1) and ι(θ2j) − ι(χ2j′+1) are positive what would imply
ι(χ2i) = ι(θ2j) = 1 and ι(χ2i+1) = ι(θ2j+1) = −1 (since ι(χi), ι(θj) ∈ {−1, 1}).
Assume q ≡ 1 (mod 4). Then
(q3 − q)(ι(χ2i)− ι(χ2i′+1)) =2(q2 + q)(q + 1) + 2q(q + 1)
[(q−3)/4]∑
l=1
(ν4ilq−1 − ν(4i
′+2)l
q−1 )
=2q(q + 1)
(
q + 1 +
[(q−3)/4]∑
l=1
(ν4ilq−1 − ν(4i
′+2)l
q−1 )
)
9
Since |νsr | ≤ 2 and that the equality holds iff r2 |s for even r and r|s for odd
r, it follows that
(q3 − q)(ι(χ2i)− ι(χ2i′+1)) ≥ 2q(q + 1)(q + 1− 4 · q − 3
4
) = 2q(q + 1) · 4 > 0
Similarly,
(q3 − q)(ι(θ2j)− ι(θ2j′+1)) =2(q2 + q)(q − 1)
+2q(q − 1)
[(q−1)/4]∑
m=1
(−ν4jmq+1 − ν(4j
′+2)m
q+1 )
=2q(q − 1)
(
q + 1 +
[(q−3)/4]∑
m=1
(ν4jmq+1 − ν(4j
′+2)m
q+1 )
)
≥2q(q − 1)
(
q + 1− 4 · q − 1
4
)
= 2q(q − 1) · 2 > 0
In the case q ≡ 3 (mod 4), we have
(q3 − q)(ι(χ2i)− ι(χ2i′+1)) =2q(q + 1)
(
q − 1 +
[(q−3)/4]∑
l=1
(ν4ilq−1 − ν(4i
′+2)l
q−1 )
)
>2q(q + 1)
(
q − 1− 4 · q − 3
4
)
= 2q(q + 1) · 2 > 0
and
(q3 − q)(ι(θ2j)− ι(θ2j′+1)) =2q(q − 1)
(
q − 1 +
[(q−1)/4]∑
m=1
(−ν4jmq+1 − ν(4j
′+2)m
q+1 )
)
>2q(q + 1)
(
q − 1− 4 · q − 1
4
)
= 0
105
2. Fixed point dimensions for cyclic subgroups106
Since subgroups’ fixed point subspaces’ dimensions depend only on the107
conjugacy classes of subgroups, it suffices to find the dimensions of cyclic sub-108
groups generated by conjugacy classes representatives. Obviously, dimV 〈1〉 =109
dimV for any irreducible RG-module V . The folllowing tables are the real110
irreducible character tables derived from Lemma 3 and the complex character111
table of SL2(q),112
10
1 z c d al bm
1 1 1 1 1 1 1
ψ q q 0 0 1 −1
χ2i q + 1 q + 1 1 1 ν
2il
q−1 0
2χ2i+1 2q + 2 −2q − 2 2 2 2ν(2i+1)lq−1 0
θ2j q − 1 (−1)j(q − 1) −1 −1 0 −ν2jmq+1
2θ2j+1 2q − 2 −2q + 2 −2 −2 0 −2ν(2j+1)mq+1
113
and, if q ≡ 1 (mod 4), then114
1 z c d al bm
ξ1
1
2
(q + 1) 1
2
ǫ(q + 1) 1
2
(1 +
√
ǫq) 1
2
(1−√ǫq) (−1)l 0
ξ2
1
2
(q + 1) 1
2
ǫ(q + 1) 1
2
(1−√ǫq) 1
2
(1 +
√
ǫq) (−1)l 0
2η1 q − 1 1− q −1 +√ǫq −1−√ǫq 0 2 · (−1)m+1
η2 q − 1 1− q −1 −√ǫq −1 +√ǫq 0 2 · (−1)m+1
115
while, when q ≡ 3 (mod 4), then116
1 z c d al bm
2Re ξ1 q + 1 −q − 1 1 1 2 · (−1)l 0
2Re ξ2 q − 1 q − 1 −1 −1 0 2 · (−1)m+1
117
where 1 ≤ i, l ≤ (q − 3)/2, 1 ≤ j,m ≤ (q − 1)/2, ǫ = (−1)(q−1)/2, ζr =118
exp 2πi/r, νsr = ζ
s
r + ζ
−s
r and χ(zc) =
χ(z)
χ(1)
· χ(c) and χ(zd) = χ(z)
χ(1)
· χ(d) for119
any real irreducible character χ.120
Lemma 4. dimψ〈z〉 = q, dimχ〈z〉2i = q+1, dim θ
〈z〉
2j = q− 1, dim(2χ2i+1)〈z〉 =
dim(2θ2j+1)
〈z〉 = 0 and, if q ≡ 1 (mod 4),
dim ξ
〈z〉
i = (q + 1)/2, dim(2ηi)
〈z〉 = 0
and, if q ≡ 3 (mod 4),
dim(2Re ξ1)
〈z〉 = 0, dim(2Re η1)
〈z〉 = q − 1
Moreover, for H = 〈c〉 or 〈d〉, we have
dimψH = 1, dimχH2i = 2, dim(2χ2i+1)
H = 4, dim θH2j = dim(2θ2j+1)
H = 0
and, if q ≡ 1 (mod 4), dim ξHi = 1, dim(2ηi)H = 0 for i = 1, 2. Whereas, if121
q ≡ 3 (mod 4), dim(2Re ξ1)H = 2 and dim(2Re η1)H = 0.122
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Proof. We have dimψ〈z〉 = 1
2
(q+q) = q, dimχ
〈z〉
2i =
1
2
((q+1)+(q+1)) = q+1,123
dim(2χ2i+1)
〈z〉 = 1
2
((2q+2)−2q−2) = 0, dim θ〈z〉2j = 12((q−1)+(q−1)) = q−1,124
dim(2θ2j+1)
〈z〉 = 1
2
((2q − 2) − 2q + 2) = 0 and, if q ≡ 1 (mod 4), then125
dim ξ
〈z〉
i =
1
2
( q+1
2
+ q+1
2
) = q+1
2
, dim(2ηi)
〈z〉 = 1
2
((q − 1) + (1 − q)) = 0 for126
i = 1, 2, while, if q ≡ 3 (mod 4), dim(2Re ξ1)〈z〉 = 12((q + 1) − q − 1) = 0,127
dim(2Re η1)
〈z〉 = 1
2
((q − 1) + (q − 1)) = q − 1. Let us focus now on 〈c〉 and128
〈d〉. Since 〈c〉 and 〈d〉 are Sylow subgroups of SL2(q) of order q, it follows129
from the Sylow Theorem that they are conjugate and dim V 〈d〉 = dimV 〈c〉130
for any RG-module V . Now, notice that131
dimV 〈c〉 =
1
q
·
(
χ
V
(1) +
q−1∑
k=1
χ
V
(ck)
)
(1)
Since (ck) ∈ {(c), (d)}, we conclude from the shape of real character table132
that dimψ〈c〉 = 1
q
(q + (q − 1) · 0) = 1, dimχ〈c〉2i = 1q ((q + 1) + (q − 1) ·133
1) = 2, dim(2χ2i+1)
〈c〉 = 1
q
((2q + 2) + (q − 1) · 2) = 4, dim θ〈c〉2j = 1q ((q −134
1) + (q − 1) · (−1)) = 0, dim(2θ2j+1)〈c〉 = 1q ((2q − 2) + (q − 1) · (−2)) = 0135
and, if q ≡ 3 (mod 4), then dim(2Re ξ1)〈c〉 = 1q ((q + 1) + (q − 1) · 1) = 2,136
dim(2Re η1)
〈c〉 = 1
q
((q − 1) + (q − 1) · (−1)) = 0.137
For the case q ≡ 1 (mod 4), we have to show a little bit more since it is
not the case that ξi and ηi are equal on c and d. We know that c
k =
(
1 0
k 1
)
.
We establish when (ck) = (c) and when (ck) = (d). We have (ck) = (c) if and
only if we can find a matrix
(
a b
c d
)
∈ SL2(q) such that
(
1 0
k 1
)(
a b
c d
)
=
(
a b
c d
)(
1 0
1 1
)
⇔
(
a b
ka + c kb+ d
)
=
(
a+ b b
c+ d d
)
that is, when b = 0 and d = ka. Thus,
1 = det
(
a b
c d
)
= det
(
a 0
c ka
)
= ka2,
138
which holds if and only if k is a quadratic residue modulo q. However, by139
[2, Exercise 9.3.3], we know that in the set {1, . . . , q−1} we have precisely (q−140
12
1)/2 quadratic residues modulo q and (q − 1)/2 non-residues. Therefore we141
may count each of χ
V
(c) and χ
V
(d) exactly (q− 1)/2 times when computing142
(1). Hence, we have dim ξ
〈c〉
1 =
1
q
( q+1
2
+ q−1
2
(
1+
√
q
2
+
1−√q
2
)) = 1, dim ξ
〈c〉
2 =143
1
q
( q+1
2
+ q−1
2
(
1−√q
2
+
1+
√
q
2
)) = 1, dim(2η1)
〈c〉 = 1
q
((q− 1)+ q−1
2
(−1+√q− 1−144 √
q)) = 0 and dim(2η2)
〈c〉 = 1
q
((q − 1) + q−1
2
(−1−√q − 1 +√q)) = 0145
Proposition 5. If H ≤ SL2(q) and |H| = 2q, then H = 〈zc〉 or H = 〈zd〉.146
Proof. Assume H ≤ SL2(q) is of order 2q. It follows by the Sylow Theorem147
that cyclic subgroups of orders q and 2 are subgroups of H . On the other148
hand, the only subgroups of order q of SL2(q) are 〈c〉 and 〈d〉 and the only149
subgroup of order 2 is 〈z〉. Thus, z ∈ H and c ∈ H or d ∈ H . If c ∈ H , then150
zc ∈ H , But |zc| = 2q, so |H| = 〈zc〉. The case d ∈ H is analogous - we get151
then H = 〈zd〉.152
Lemma 5. Let H = 〈zc〉 or 〈zd〉. Then
dimψH = 1, dimχH2i = 2, dim(2χ2i+1)
H = dim θH2j = dim(2θ2j+1)
H = 0
and, if q ≡ 1 (mod 4),
dim ξH1 = dim ξ
H
2 = 1, dim(2η1)
H = dim(2η2)
H = 0
while, if q ≡ 3 (mod 4),
dim(2Re ξ1)
H = dim(2Re η1)
H = 0
Proof. We prove only the case H = 〈zc〉 - the other is analogous.153
We have
dimV 〈zc〉 =
1
2q
2q−1∑
k=0
χ
V
((zc)k) =
1
2q
(χ
V
(1) + χ
V
(z) +
2q−1∑
k=1,k 6=q
χ
V
((zc)k))
Hence, since χ(zc) = χ(z)
χ(1)
χ(c),
dimψ〈zc〉 =
1
2q
(q + q + 0) = 1
dimχ
〈zc〉
2i =
1
2q
((q + 1) + (q + 1) + 2q − 2) = 2
13
dim(2χ2i+1)
〈zc〉 ≤ dim(2χ2i+1)〈z〉 = 0⇒ dim(2χ2i+1)〈zc〉 = 0
dim θ
〈zc〉
2j =
1
2q
((q − 1) + (q − 1)− 2q + 2) = 0
dim(2θ2j+1)
〈zc〉 ≤ dim(2θ2j+1)〈z〉 = 0
Now, assume q ≡ 1 (mod 4). Notice that
(ξ1 + ξ2)(zd) = (ξ1 + ξ2)(zc) = (ξ1 + ξ2)(d) = (ξ1 + ξ2)(c) = 1
Therefore,154
dim(ξ1 + ξ2)
〈zc〉 =
1
2q
·
(
2 · q + 1
2
+ 2 · q + 1
2
+ 2q − 2
)
= 2 (2)
On the other hand, we know that dim ξ
〈c〉
1 = dim ξ
〈c〉
2 = 1 and dim ξ
〈zc〉
i ≤155
dim ξ
〈c〉
i = 1 for i = 1, 2. Thus, in order for (2) to be satisfied, we must have156
dim ξ
〈zc〉
i = 1 for i = 1, 2. Further, dim(2ηi)
〈zc〉 ≤ dim(2ηi)〈c〉 = 0 for i = 1, 2.157
Now, let q ≡ 3 (mod 4). We have then dim(2Re ξ1)〈zc〉 ≤ dim(2Re ξ1)〈z〉 = 0158
and dim(2Re η1)
〈zc〉 = 1
2q
((q − 1) + (q − 1)− (2q − 2)) = 0159
Lemma 6. Let 1 ≤ l ≤ (q − 3)/2 and 1 ≤ m ≤ (q − 1)/2 be such that 2 ∤160
(q−1)/(q−1, l) and 2 ∤ (q+1)/(q+1, m) and H = 〈al〉 and K = 〈bm〉. Then,161
for any 1 ≤ 2i, 2i+1 ≤ (q−3)/2, 1 ≤ 2j, 2j+1 ≤ (q−1)/2, we have dimψH =162
(q − 1, l), dimχH2i = dim θH2j = dim(2η1)H = dim(2η2)H = dim(2Re η1)H =163
(q−1, l), dim(2χ2i+1)H = dim(2θ2j+1)H = 2(q−1, l), dim ξH1 = dim ξH2 = (q−164
1, l)/2+1, dim(2Re ξ1)
H = (q−1, l)+2 and dimψK = (q+1, m)−1, dimχK2i =165
dim θK2j = dim(2Re ξ1)
K = (q+1, m), dim(2χ2i+1)
K = dim(2θ2j+1)
K = 2(q+166
1, m), dim ξH1 = dim ξ
K
2 = (q + 1, m)/2, dim(2η1)
K = dim(2Re η1)
K = (q +167
1, m)− 2.168
Proof. Since 2 6= (q− 1)/(q− 1, l) and 2 6= (q + 1)/(q + 1, m), it follows that
z /∈ H,K. Hence,
dimψH =
(q − 1, l)
q − 1 ·
(
q +
( q − 1
(q − 1, l) − 1
)
· 1
)
= (q − 1, l)
and
dimψK =
(q + 1, m)
q + 1
·
(
q +
( q + 1
(q + 1, m)
− 1
)
· (−1)
)
= (q + 1, m)− 1
14
Since νsr = ν
r−s
r for s ≤ r, νsr = νs (mod r)r and
∑n−1
i=1 ζ
ik
n = −1 if k 6= 0 and169
n > 1, we have,170
dimχH2i =
(q−1,l)
q−1 ·
(
q + 1 +
∑(q−1)/(q−1,l)−1
j=1 ν
2ijl
q−1
)
= (q−1,l)
q−1 ·
(
q + 1 +
∑(q−1)/(q−1,l)−1
j=1 ν
j·(2il/(q−1,l))
(q−1)/(q−1,l)
)
= (q−1,l)
q−1 · (q + 1− 2) = (q − 1, l)
Now,
dimχK2i =
(q + 1, m)
q + 1
·
(
q + 1 +
( q + 1
(q + 1, m)
− 1
)
· 0
)
= (q + 1, m)
Similarly,
dim(2χ2i+1)
H =
(q − 1, l)
q − 1 ·
(
2q + 2 + 2 ·
( (q−1)/(q−1,l)−1∑
j=1
ν
(2i+1)jl
q−1
))
=
(q − 1, l)
q − 1 ·
(
2q + 2 + 2
(q−1)/(q−1,l)−1∑
j=1
ν
j·((2i+1)l/(q−1,l))
(q−1)/(q−1,l)
)
=
(q − 1, l)
q − 1 · (2q + 2 + 2 · (−2)) = 2(q − 1, l)
and
dim(2χ2i+1)
K =
(q + 1, m)
q + 1
(2q + 2) = 2(q + 1, m)
Further,
dim θH2j =
(q − 1, l)
q − 1 · (q − 1) = (q − 1, l)
dim θK2j =
(q + 1, m)
q + 1
·
(
q − 1−
(q+1)/(q+1,m)∑
i=1
ν2ijmq+1
)
=
(q + 1, m)
q + 1
·
(
q − 1− (−2)
)
= (q + 1, m)
dim(2θ2j+1)
H =
(q − 1, l)
q − 1 · (2q − 2) = 2(q − 1, l)
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dim(2θ2j+1)
K =
(q + 1, m)
q + 1
·
(
2q − 2− 2
(q+1)/(q+1,m)∑
i=1
ν
i·(2j+1)m
q+1
)
=
(q + 1, m)
q + 1
·
(
2q − 2− 2 · (−2)
)
= 2(q + 1, m)
Assume q ≡ 1 (mod 4). Then, noticing that 2|l and 2|m, we conldude
that the characters of ξ1 and ξ2 evaluated on a
il are equal 1 for any i =
1, . . . , (q−1)/(q−1, l)−1. This is because ail = ak, where k = il (mod q−1),
since the order of a is q− 1. Moreover, if k > (q− 3/2), then ak is conjugate
to aq−1−k and q + 1 − k ≤ (q − 3)/2 since z /∈ H . If we denote by k′ the
minimum of k and q − 1− k, it follows then that the characters of ξ1 and ξ2
are both equal (−1)k′ on ail. Since q− 1 and l are even, we conclude that k′
is even as well. Therefore, we have
dim ξH1 = dim ξ
H
2 =
(q − 1, l)
q − 1 ·
(q + 1
2
+
q − 1
(q − 1, l) − 1
)
=
1
2
(q − 1, l) + 1
dim ξK1 = dim ξ
K
2 =
(q + 1, m)
q + 1
· q + 1
2
=
1
2
(q + 1, m)
dim(2η1)
H = dim(2η2)
H =
(q − 1, l)
q − 1 · (q − 1) = (q − 1, l)
Similarly as before, we notice that the characters of 2η1 and 2η2 evaluated
on bjm for j = 1, . . . , (q + 1)/(q + 1, m)− 1 are equal to −1. Hence
dim(2η1)
K =dim(2η2)
K =
(q + 1, m)
q + 1
·
(
q − 1 + 2 ·
(
− q + 1
(q + 1, m)
+ 1
))
=(q + 1, m)− 2
If q ≡ 3 (mod 4), then, by the analogous reasoning, the characters of 2 Re ξ1
and 2Re η1 evaluated on a
il and bjm+1 are equal 1 and −1 respectively for
1 ≤ i ≤ (q − 1)/(q − 1, l)− 1 and 1 ≤ j ≤ (q + 1)/(q + 1, m)− 1. Thus
dim(2Re ξ1)
H =
(q − 1, l)
q − 1 ·
(
q + 1 + 2 ·
( q − 1
(q − 1, l) − 1
))
= (q − 1, l) + 2
dim(2Re ξ1)
K =
(q + 1, m)
q + 1
· (q + 1) = (q + 1, m)
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dim(2Re η1)
H =
(q − 1, l)
q − 1 · (q − 1) = (q − 1, l)
dim(2Re η1)
K =
(q + 1, m)
q + 1
·
(
q−1+2 ·
(
− q + 1
(q + 1, m)
+1
))
= (q+1, m)−2
171
Lemma 7. Let 1 ≤ l ≤ (q − 3)/2 and 1 ≤ m ≤ (q − 1)/2 be such that172
2|(q − 1)/(q − 1, l) and 2|(q + 1)/(q + 1, m) and H = 〈al〉 and K = 〈bm〉.173
Then, for any 1 ≤ 2i, 2i + 1 ≤ (q − 3)/2, 1 ≤ 2j, 2j + 1 ≤ (q − 1)/2,174
we have dimψH = 2(q − 1, l) + 1, dimχH2i = dim θH2j = dim(2Re η1)H =175
2(q − 1, l), dim(2χ2i+1)H = dim(2θ2j+1)H = dim(2η1)H,K = dim(2η2)H =176
dim(2Re ξ1)
H = 0, dim ξH1 = dim ξ
H
2 = (q − 1, l) + 1 for 2|l and dim ξH1 =177
dim ξH2 = (q−1, l) for 2 ∤ l and dimψK = 2(q+1, m)−1, dimχK2i = dim θK2j =178
2(q + 1, m), dim(2χ2i+1)
K = dim(2θ2j+1)
K = dim(2η1)
K = dim(2η2)
K =179
dim(2Re ξ1)
K = 0, dim ξK1 = dim ξ
K
2 = (q + 1, m), dim(2Re η1)
K = 2(q +180
1, m)− 2 for 2|m and dim(2Re η1)K = 2(q + 1, m) for 2 ∤ m.181
Proof. We use the similar arguments as in the case (q − 1)/(q − 1, l) and
(q +1)/(q +1, m) were odd. In case they are even, we notice that z ∈ H,K.
Thus, we have
dimψH =
(q − 1, l)
q − 1 ·
(
q + q +
( q − 1
(q − 1, l) − 2
)
· 1
)
= 2(q − 1, l) + 1
dimψK =
(q + 1, m)
q + 1
·
(
q + q +
( q + 1
(q + 1, m)
− 2
)
· (−1)
)
= 2(q + 1, m)− 1
dimχH2i =
(q − 1, l)
q − 1
(
q+1+q+1+
(( (q−1)/(q−1,l)−1∑
j=1
ν2ijlq−1
)
−ν2i·(q−1)/(2·(q−1,l))·lq−1
))
=
(q − 1, l)
q − 1 ·
(
2q + 2 +
(( (q−1)/(q−1,l)−1∑
j=1
ν2ijlq−1
)
− νil(q−1,l)
))
=
(q − 1, l)
q − 1 · (2q + 2 + (−2 − 2)) = 2(q − 1, l)
dimχK2i =
(q + 1, m)
q + 1
(q + 1 + q + 1) = 2(q + 1, m)
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dim θH2j =
(q − 1, l)
q − 1 · (q − 1 + q − 1) = 2(q − 1, l)
dim θK2j =
(q + 1, m)
q + 1
·
(
q − 1 + q − 1
−
(( (q+1)/(q+1,m)−1∑
i=1
ν2ijmq+1
)
− ν2·(q+1)/(2(q+1,m)·jmq+1
))
=
(q + 1, m)
q + 1
·
(
2q − 2−
(( (q+1)/(q+1,m)−1∑
i=1
ν2ijmq+1
)
− νjm(q+1,m)
))
=
(q + 1, m)
q + 1
·
(
2q − 2− (−2− 2)
)
= 2(q + 1, m)
Since 〈z〉 ≤ H,K and dim(2χ2i+1)〈z〉 = dim(2θ2j+1)〈z〉 = 0, we get
dim(2χ2i+1)
H = dim(2χ2i+1)
K = dim(2θ2j+1)
H = dim(2θ2j+1)
K = 0
Assume q ≡ 1 (mod 4). Since z ∈ H,K and dim(2η1)〈z〉 = dim(2η2)〈z〉, we
have
dim(2η1)
H = dim(2η1)
K = dim(2η2)
H = dim(2η1)
K = 0
Let us consider the characters ξ1 and ξ2. From the real character table we see
that their fixed point dimensions for subgroups H and K are equal. Let us
consider the case 2|l. Then, as before, the characters of ξ1 and ξ2 evaluated
on ail are equal 1 for 1 ≤ i ≤ (q − 1)/(q − 1, l)− 1. Thus, in this case,
dim ξH1 = dim ξ
H
2 =
(q − 1, l)
q − 1 ·
(q + 1
2
+
q + 1
2
+
q − 1
(q − 1, l)−2
)
= (q−1, l)+1
In the second case, when 2 ∤ l, we observe that the characters ξ1 and ξ2
evaluated on ail are eeual to 1 when i is odd and to −1 when i is even. Thus,
the sum
∑(q−1)/(q−1,l)−1
i=1,i 6=(q−1)/(2(q−1,l)) ξ1,2(a
il) is equal to −2, since (q−1)/(2(q−1, l))
is even because q ≡ 1 (mod 4), so
dim ξH1 = dim ξ
H
2 =
(q − 1, l)
q − 1 ·
(q + 1
2
+
q + 1
2
− 2
)
= (q − 1, l)
Moreover, in both cases,
dim ξK1 = dim ξ
K
2 =
(q + 1, m)
q + 1
(q + 1
2
+
q + 1
2
)
= (q + 1, m)
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If q ≡ 3 (mod 4), then, using the same arguments as in the case q ≡ 1 (mod 4),
we get dim(2Re ξ1)
H = dim(2Re ξ1)
K = 0. Further,
dim(2Re η1)
H =
(q − 1, l)
q − 1 · (q − 1 + q − 1) = 2(q − 1, l)
and, if 2|m,182
dim(2Re η1)
K = (q+1,m)
q+1
·
(
q − 1 + q − 1 + 2 ·
(
− q+1
(q+1,m)
+ 2
))
= 2(q + 1, m)− 2
whereas, if 2 ∤ m, then, since q ≡ 3 (mod 4), we have 2|(q + 1)/(2(q + 1, m))
and
∑(q+1)/(q+1,m)−1
j=1,j 6=(q+1)/(2(q+1,m))(2 Re η1)(b
jm) = 4. Thus,
dim(2Re η1)
K =
(q + 1, m)
q + 1
· (q − 1 + q − 1 + 4) = 2(q + 1, m)
183
Let us summarize in the following tables the dimensions of cyclic sub-184
groups of SL2(q) for real irreducible representations,185
1 〈z〉 〈c〉 = 〈d〉 〈zc〉 = 〈zd〉
1 1 1 1 1
ψ q q 1 1
χ2i q + 1 q + 1 2 2
2χ2i+1 2q + 2 0 4 0
θ2j q − 1 q − 1 0 0
2θ2j+1 2q − 2 0 0 0
ξ1 = ξ2
1
2
(q + 1) 1
2
(q + 1) 1 1
2η1 = 2η2 q − 1 0 0 0
2Re ξ1 q + 1 0 2 0
2Re η1 q − 1 q − 1 0 0
186
and, if we put H = 〈al〉, K = 〈bm〉 for 2 ∤ q−1
(q−1,l) ,
q+1
(q+1,m)
, H ′ = 〈al〉, K ′ = 〈bm〉187
for 2| q−1
(q−1,l) ,
q+1
(q+1,m)
and 2|l, m and H ′′ = 〈al〉, K ′′ = 〈bm〉 for 2| q−1
(q−1,l) ,
q+1
(q+1,m)
188
and 2 ∤ l, m, then189
19
H K
1 1 1
ψ (q − 1, l) + 1 (q + 1, m)− 1
χ2i (q − 1, l) (q + 1, m)
2χ2i+1 2(q − 1, l) 2(q + 1, m)
θ2j (q − 1, l) (q + 1, m)
2θ2j+1 2(q − 1, l) 2(q + 1, m)
ξ1 = ξ2
(q−1,l)
2
+ 1 (q+1,m)
2
2η1 = 2η2 (q − 1, l) (q + 1, m)− 2
2Re ξ1 (q − 1, l) + 2 (q + 1, m)
2 Re η1 (q − 1, l) (q + 1, m)− 2
190
and191
H ′ K ′ H ′′ K ′′
1 1 1 1 1
ψ 2(q − 1, l) + 1 2(q + 1, m)− 1 2(q-1,l)+1 2(q+1,m)-1
χ2i 2(q − 1, l) 2(q + 1, m) 2(q − 1, l) 2(q + 1, m)
2χ2i+1 0 0 0 0
θ2j 2(q − 1, l) 2(q + 1, m) 2(q − 1, l) 2(q + 1, m)
2θ2j+1 0 0 0 0
ξ1 = ξ2 (q − 1, l) + 1 (q + 1, m) (q − 1, l) (q + 1, m)
2η1 = 2η2 0 0 0 0
2Re ξ1 0 0 0 0
2Re η1 2(q − 1, l) 2(q + 1, m)− 2 2(q − 1, l) 2(q + 1, m)
192
where 1 ≤ i, l ≤ (q − 3)/2, 1 ≤ j,m ≤ (q − 1)/2, ǫ = (−1)(q−1)/2, ζr =193
exp 2πi/r, νsr = ζ
s
r + ζ
−s
r and χ(zc) =
χ(z)
χ(1)
· χ(c) and χ(zd) = χ(z)
χ(1)
· χ(d) for194
any real irreducible character χ.195
20
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